We calculate the electronic polarizability in the superconducting state at nesting vectors of the Fermi surface. A pole appears in the polarizability at frequencies ω near the superconducting gap 2∆ for arbitrary small couplings in two dimensions. This leads to the appearance of a sharp peak at ω just below 2∆ in the lattice vibrations at the nesting vectors. The results are compared with the recent inelastic neutron scattering measurements in compounds, AN i 2 B 2 C, A =
Strong momentum dependence of the electronic polarizability leads to characteristic features in the dispersion relation of phonons in simple metals-the Kohn anomalies. [1] Transition metals and compounds are particularly beset with wiggles and dips in their phonon dispersions. Strong electron-phonon interactions and local field effects are responsible together with nesting features in the band structure for the anomalies and for the occurrence of charge density wave transitions [2] .
It is well known that the leading order polarizability Π n 0 ( Q, ω), Fig. 1 (a) , of an electron gas in d-dimensions for Q = 2 k F [3] in the normal state is
In s-wave superconductor with gap 2∆, the polarizability for ω >> 2∆ is similar to that of the normal state except for q << ξ −1 , where ξ is the superconducting coherence length.
When a Fermi-surface is nested at wave-vectors Q 0 , so that ImΠ n 0 ( Q 0 , ω) has a peak for Q ≃ Q 0 , a diminution in the superconducting state is again expected for ω → 0.
We show the existence of singularities in the polarizability at ω ≃ 2∆ in s-wave superconductors near the nesting vectors which are stronger than those of the normal state at ω → 0. These singularities strongly affect the phonon spectrum of superconductors in some cases specified later. We explain the remarkable difference between the phonon spectrum of Y Ni 2 B 2 C in the superconducting state and that of the normal state recently observed by Kawano et al [4] and in LuNi 2 B 2 C by Stassis et al [5] . In the normal phase of (Y, Lu)Ni 2 B 2 C the transverse acoustic dispersion curve in the ΓZ direction has a strong temperature dependent dip around Q = (0.5, 0, 8). Below the superconducting transition temperature the spectral weight splits into two parts, a very sharp resolution limited line at an energy ≃ 2∆ and a broad part around the phonon peak of the normal state with the total spectral weight conserved. Weight is transferred from the sharp peak to the broad peak at low temperatures by a magnetic field.
As a model, we consider a simple ellipsoidal Fermi-surface,
, and calculate Π( q, ω) in the superconducting state for q near Q 0 , the spanning vector across the flattest part of the Fermi-surface. Results remain qualitatively the same for any particular Fermisurface in the same direction. We write the model Hamiltonian
where
and H el includes interactions leading to superconductivity,
in Nambu notation [6] , where the electron and annihilation operators are written as twocomponent vectors,
and the τ 's are Pauli matrices. The phonons couple to the electronic charge density, giving rise to
where g Q is the electron-phonon coupling constant.
The single particle Green's function in the superconducting state in the Nambu-Gorkov notation with the BCS reduced Hamiltonian is [6] 
The charge density is given by
The lowest order polarizability, Fig. 1 (a), at T = 0 is
After performing the frequency integral, it is helpful to divide the momentum space into parts in which E k and E k+ Q are close to ∆, say between ∆ and s∆, s ≈ O(2), and those in which they are larger than s∆. In the latter E k, k+ Q may be replaced by ǫ k, k+ Q , so that the integrand is the same as in the normal state. Any new features expected in the superconducting state can arise only from the singular density of one-particle states for energies near ∆, i.e., from regions of momentum space where both E k and E k+ Q are near ∆. The contribution of this region in two dimensions is,
where N(0) = √ m x m y /2π [7] , and q is defined to be ( Q − Q 0 ).
In three dimensions ReΠ sc 0 ( Q 0 , ω) is proportional to |2∆ − ω|, while in one dimension (where the treatment here is quite inadequate) it is proportional to (|2∆ − ω|)
The contribution of the other regions differs from the normal state only through a lower cut off at s∆ so that ln(E F /ω) in Eq. (1) becomes ln[E F /(ω + s∆)]. Since we will be concerned with ω ≈ O(2∆), this change is not of consequence, so that
In the random phase approximation, Fig. 1 (b) ,
where V ( Q) is the Coulomb interaction. 
Here Π n ( q, ω) is the normal state polarizability and
In Eq. (14), we have used ReΠ
always has a pole at
where γ = ∆N(0)V /E F << 1. Note that this pole is very close to 2∆ and has weight
The phonon spectrum in a metal is described by
where Σ( Q, ω) = g 
where ω Q 0 and Γ Q 0 are the phonon frequencies and linewidths of the normal state obtained from the normal contribution Π n ( Q 0 , ω) to Π( Q 0 , ω). The θ-function in Eq. (18) takes into account that ImΠ( Q 0 , ω) = 0 for ω < 2∆. Actually, we should include in Eq. (18) also a contribution to Γ Q 0 due to ImΠ sc ( Q 0 , ω) which increases damping over that of the normal state if ω Q 0 is between 2∆ and ≈ O(4∆).
The electron-phonon coupling function g 
and peak with width Γ Q 0 at
The spectral weight of the pole near 2∆ is
with the rest in the peak near ω Q 0 . If ω Q 0 is close to 2∆, the pole is at 2∆ − g Q 0 r 1/2 and shares weight equally with the peak. The spectral function, Fig. 2 . For q = 0, the new mode increases in energy by O(∆ξ 2 q 2 /4), and is overdamped for | q| ≥ ξ −1 .
In comparing with experimental results [4, 5] in (Lu, Y )Ni 2 B 2 C, we should bear in mind that the d = 3 results from Eq. (1) would not produce the observed large anomaly in the normal state. These compounds are tetragonal with a large anisotropy. [11] The anomalous behavior is evident in a detailed calculation [12] , of Π 0 ( Q, ω) based on the actual rather complicated anisotropic band structure and further local field effects, using methods of Ref. [2] . The observed normal state anomalies arise from scattering between saddle points where the band structure perpendicular to Q 0 connects pieces of Fermi-surface which have locally small Fermi-velocities; i.e., they are effectively two-dimensional. This as well as the fact that we have shown in general that the singularities in the polarizability at ω ≃ 2∆ are stronger than those determining the normal state phonon spectrum which in this compound shows a pronounced anomaly serve as a justification in using the d = 2 results of the theory based on the simple electronic structure above. A simple extension of the calculation above shows that as the temperature is decreased and ∆(T ) grows, weight is transferred to the sharp peak at the expense of the broad peak with the total weight constant. Similarly a magnetic field depresses the weight and the frequency of the sharp peak. These are as observed. [4] The theory would also predict a temperature dependence to the frequency of the peak ≃ 2∆(T ). In the experiment [4, 5] , the frequency of the new peak appears not to follow the BCS dependence of 2∆(T ). This may be so because of strong-coupling effects. Note also that the relative intensity of the peak drops rapidly as its frequency decreases below 2∆(0), i.e., near T c .
We finally comment on other possible explanation of the data. The observed peaks cannot be the large Q-extensions of the amplitude modes of superconductors [9] near Q ≃ 0 observed in Raman scattering [13] since such modes are heavily damped for | Q| ≥ ξ −1 .
Another possibility is that the peak is just the narrowing of the linewidth as the phonon frequency goes below 2∆. This would predict that the number of peaks for a fixed Q 0 as a function of ω remains the same in the normal state and the superconducting state. In
Kawano et al's data [4] , an extra new peak for T < T c clearly appears, as in the theory here.
In the data of Stassis et al in 
